We show that three well-known \variational crimes" in nite elements { upwinding, mass lumping and selective reduced integration { may be derived from the Galerkin method employing the standard polynomial-based nite element spaces enriched with residual-free bubbles.
In this note we introduce a nite element method based on enriching the classical polynomial-based nite element spaces with residual-free bubbles. We show that in 1D the classical techniques of upwinding, mass lumping and selective reduced integration can be derived by the Galerkin method based on the enriched space.
2. An abstract presentation.
Let R n be a regular domain, f 2 L 2 () and (2.1) ( Lu = f in u = 0 on @ be a linear elliptic boundary value problem which can be given a classical variational formulation as follows: The work of the rst author was partially supported by the Istituto di Analisi Numerica del CNR, Pavia (Italy), and the work of the second author was partially supported by the ECC Project \The Equation of Fluid Dynamics and Related Topics" (HCM program).
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The classical nite element method consists basically in taking a partition T h = fKg of and in dening
We wish to enrich the classical polynomial-based space V P h by adding a set of bubbles.
For each K 
Problem (2.6) has always a unique solution which depends linearly on u P j K . Hence, problem (2.6) identies an ane operator R K given by (2.7)
where V P h;K is the linear space of restrictions to K of functions in V P h . We dene B K as the image in H 1 0 (K) of the operator R K : B K = R K (V P h;K ): The name \residual-free" appended to these bubbles comes from the fact that the quantity at the right-handside of equation (2.6) 
Then, using the linearity (also with respect to f ) of the operator R K , we have The dimension of B K is then bounded by N + 1. It should be clear at this point that if we go back and dene B K as in (2.10) and we solve problem (2.4), then the bubble part u B;K of the solution u h also solves problem (2.6). Now we can \eliminate" the bubbles using the operator R K in the rst equation of (2.4), obtaining a variational problem involving u P only:
The equation in (2.11) can be re-written in a more meaningful way as
highlighting the fact that the procedure of dening the residual-free bubbles and then eliminating them leads to a (consistent!) modication of the classical polynomial-based nite element methods. The problem of determining a set of bubbles (in general, not residual-free) is pursued in [2] with the objective of reproducing a given stabilization operator.
Sometimes, the computation of the operator R K could be as dicult as the original problem itself. Hence, in these cases, in order to make eective use of the residual-free bubbles approach, an approximation of the action of R K in (2.12) has to be found.
An application of this idea to a convection-diusion operator is given in [3] .
In the next Sections we will examine some simple examples that demonstrate in 1D the improvement on the classical methods by using residual-free bubbles. Summing over all elements, we have " (h=2") coth (h=2") h=2 which corresponds to classical upwinding. A dierent presentation of these results has been given in [3] , and various extensions to more general situations are contained in [9] , [10] . 4 . Mass lumping.
In this Section we will consider the following one-dimensional boundary value problem: where " > 0 and f are constants. It is well known that the nite element discretization of (4.1) employing continuous piecewise linear functions yields a scheme for which the discrete maximum principle does not hold. The maximum principle property can be recovered for instance by using mass-lumping, which amounts to approximating integrals with the trapezoidal rule. We will use the same discretization framework of the previous Section. As before, all the results can be trivially extended to piecewise constant " and f and non-uniform partitions. It can be seen that B K has dimension two and a long but simple computation reveals that the nal equation to be satised by the nodal values fu i g of u 1 is the following: which corresponds to mass lumping; if h is kept xed and we let " going to zero, it's easy to see that the solution obtained from mass lumping and the solution of (4.2) tend to the same limit.
A more complete treatment of mass lumping emanating from residual-free bubbles is contained in [4] . 5 . Selective reduced integration.
The deection of a beam taking into account bending and shear deformations is described by the Timoshenko model. The standard Galerkin nite element method using equal-order piecewise linear approximations for the unknowns rotation and displacement yields \locking" and spurious oscilations for the shear forces. Selective reduced integration has been suggested to cure some of these pathologies and has been justied resorting to an equivalent mixed variational formulation [8] , [1] . The Timoshenko beam model is governed by the following dierential equations (after non-dimensionalization { e.g., see [1] , [6] where (f; g) = R f g dx is the usual L 2 inner product. Using continuous piecewise linear elements and residual-free bubbles under piecewise constant loads, it can be seen (see [5] ) that after the elimination of the bubbles the equation for f 1 ; w 1 g has the following form: To emerge with these collection of \tricks" requires ingenuity and for the rst two tricks dierent arguments have been given before by several authors (see references in [7] , [8] , [11] ). We wish to point out that the residual-free bubbles point-of-view provides us with a systematic approach to construct discretization procedures that may shed some light on existing schemes and possibly improve them.
